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We discuss exact plaquette-ordered ground states of the generalized Hubbard model based on
the projection operator method for several corner sharing lattices: Kagome, checkerboard, and
pyrochlore lattices. The obtained exact ground states are interpreted as Ne´el ordered states on the
plaquette-located electrons. We demonstrate that these models also have exact edge states. We also
calculate the entanglement entropy exactly in these systems.
I. INTRODUCTION
In condensed matter physics, a major theoretical aim
is to build an effective model - as simple as possible
- which captures the essence of observed physical phe-
nomenon. A prime example to describe quantum me-
chanical motion of electrons in a solid is the Hubbard
model [1–3]. The original Hubbard model contains only
two approximated components: (1) Electron transfer t as
overlap integral between neighboring atoms and (2) on-
site repulsion U as intra-atomic Coulomb interaction on
the assumption of Wannier basis; and, the other site-off-
diagonal interactions are neglected. Despite its simple
Hamiltonian, a variety of interesting phenomena such as
metal-insulator transition [4], ferromagnetism [5], anti-
ferromagnetism [6], Tomonaga-Luttinger liquid [7], and
superconductivity [8], etc. can be well explained. Es-
pecially, experimental realization of the ideal Hubbard
model using ultracold fermions in optical lattices has
been a hot topic in recent years [9, 10]. Nevertheless,
it would be also true that the original Hubbard model
is too much oversimplified to faithfully describe actual
existing solids. In fact, the Hubbard model with the site-
off-diagonal interactions (referred as ‘generalized Hub-
bard model’) has been fairly studied in the context of
magnetism and superconductivity [11–29].
The conventional Hubbard model has so far been an-
alytically solved only for the one-dimensional (1D) case.
On the other hand, the generalized Hubbard model may
be more flexible at obtaining exact ground states al-
though with some restrictions on the interaction param-
eters [19–27]. The basic idea is that the ground state
energy is the lower bound found by diagonalizing the lo-
cal Hamiltonian [23]. Based on this idea, in order to
obtain exact ground states of arbitrary dimensional gen-
eralized Hubbard model, a more sophisticated treatment,
using the projection operator method [30–32] for multi-
component systems, was proposed [33]. Adopting this
method in a simple 1D system, three kinds of ground
states were recognized in a wide range of parameter re-
gion; namely, “bond Ne´el” (BN), ferromagnetic (FM),
and phase separated states [34–36]. The BN state is re-
garded as a Ne´el ordered state of bond-located spins. The
concept of BN state in one dimension can be extended
to higher dimensional systems by introducing multiplet
states in corner sharing lattices [36, 37]. For example,
illustrated in Fig. 1, the Kagome´ (Checkerboard) lattice
can be covered by two colored multiplets alternatively,
where each of the multiplets consists of three (four) elec-
trons with the same spin and the spins belonging to differ-
ent colored multiplets are antiparallel. These staggered
states can be regarded as antiferromagnetism on a honey-
comb (square) lattice. We call this state “plaquette Ne´el
(PN)” state as an extension of the BN state, Such the PN
state is also realized in three dimensional systems like the
Pyrochlore lattice. These plaquette ordered states are
also important in discussions related with Berry phases
and higher order topological states[38, 39].
In this paper, we study the generalized Hubbard model
on corner sharing lattices: Kagome´, Checkerboard, and
Pyrochlore lattices. Based on the projection operator
method, various kinds of exact plaquette-ordered ground
states are found at commensurate fillings. The obtained
ground states are interpreted as the PN ones. We also
suggest that exact edge states are constructed in the pres-
ence of free boundary. Furthermore, the entanglement
entropy in the PN states is calculated.
This paper is organized as follows: In Section II, we ex-
plain the projection operator method to construct Hamil-
tonians with exact ground states in multicomponent sys-
tems. In Section III, we review the application of this
method to the 1D and Kagome´ systems. The estima-
tion of exact edge states is also demonstrated. In Sec-
tion IV, we perform the projection operator analysis for
the Checkerboard lattice and obtain the exact PN states
at 1/4, 1/2, and 3/4 fillings. In Section V, like in Sec-
tion IV we obtain the exact PN states for the Pyrochlore
lattice at 1/4 and 3/4 fillings. In Section VI, we calculate
the entanglement entropy for the PN states of Checker-
board and Pyrochlore systems. Finally, we give summary
and discussion of the results in Section VII.
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FIG. 1. Examples of lattice structure where generalized Hub-
bard models with exact plaquette-ordered ground states can
be constructed: the 1D chain, the Kagome´, the Checkerboard
and the Pyrochlore lattices. The solid and the dashed plaque-
ttes denote those belong to the groups A and B, respectively.
II. PARENT HAMILTONIAN
The method to construct a Hamiltonian with an exact
ground state is the following way [33]. First, we consider
a Hamiltonian given by a sum of products of projection
operators
H =
∑
α
hα, hα =
∑
µ,ν
λµνR
(µ)
α↑ R
(ν)
α↓ , (1)
λµν ≥ 0, (2)
where α denotes the position of one of the unit plaquettes
that cover the lattice. R
(µ)
ασ is an operator whose expec-
tation value is positive semidefinite 〈R(µ)ασ 〉 ≥ 0. This
condition is realized, if R
(µ)
ασ is given by a product of an
operator and its Hermitian conjugate. Then the expecta-
tion value of the Hamiltonian is also positive semidefinite
〈H〉 ≥ 0.
Next, we introduce a trial wave function given by a
direct product of up and down spin sectors,
|Ψ(A,B)〉 = |Φ↑(A)〉 ⊗ |Φ↓(B)〉, (3)
where A and B denote two groups of plaquettes that
cover the lattice satisfying A∪B = {all lattice sites}. We
require that the projection operators have the following
conditions,
R
(µ)
α↑ |Φ↑(A)〉 = R(µ)β↓ |Φ↓(B)〉 = 0, (4)
where α ∈ A and β ∈ B. Therefore, even if we have
R
(µ)
β↑ |Φ↑(A)〉 6= 0, R(µ)α↓ |Φ↓(B)〉 6= 0, (5)
the eigenvalue of the Hamiltonian for |Ψ(A,B)〉 is always
zero. Then, the lower bound and the upper bound of the
energy are coincide, so that |Ψ(A,B)〉 turns out to be one
of the exact ground state of this system.
The above argument can be satisfied in corner shar-
ing lattices with the bipartite structure. The simplest
examples is the 1D lattice, where the unit plaquette is
one bond. In two dimension, the Kagome´ lattice can be
covered by two colored triangles alternatively, as illus-
trated in Fig. 1. These states can be regarded as the
Ne´el ordering on the dual lattice (i.e. the honeycomb
lattice for the Kagome´ lattice). In three dimension, the
Pyrochlore lattice satisfies these conditions. If the sys-
tem has a time-reversal symmetry, its ground state has
two-fold degeneracy.
III. EXACT EDGE STATES
A. 1D chain
We consider the 1D generalized Hubbard model at half-
filling and zero-magnetic field, given by H = ∑iσ hi,i+1,σ
with the local bond Hamiltonian,
hijσ = −t Tijσ + U
2z
(niσniσ¯ + njσnjσ¯)
+ V‖niσnjσ + V⊥niσnjσ¯
+XTijσ(niσ¯ + njσ¯) +
W
2
∑
σ′
TijσTijσ′ , (6)
where σ¯ is the opposite spin of σ, z = 1 for the present
1D case, and periodic boundary conditions are assumed.
We have defined the hopping and the density operators
as
Tijσ ≡c†iσcjσ + H.c., (7)
niσ ≡c†iσciσ. (8)
The exact ground state of the 1D chain has already
been discussed in Refs. 34 and 35. Here, we discuss par-
ent Hamiltonians with exact edge states. In the previous
section and the preceding works, we have considered only
bulk systems. In the BN state for the 1D chain, the local
bond Hamiltonian is given by the following form,
hij − ε0(ni, nj) =
∑
µ,ν
λµνR
(µ)
ij↑R
(ν)
ij↓, λµν ≥ 0, (9)
where
ε0(ni, nj) =
(
U
2
− W
2
+ t
)
(ni + nj − 2) + U
2
. (10)
3The right hand side of Eq. (9) gives zero for the BN state
even if edge electrons exist. The first term of the right
hand side of Eq. (10) vanishes for the half-filling, and
the ground state energy per bond is U/2. However, this
situation should be modified for open boundary systems
where the sum of the local Hamiltonian becomes∑
〈i,j〉
[hij − ε0(ni, nj)] = Hbulk − U
2
L
−
(
U
2
− W
2
+ t
)
[2(N − L)− n1 − nL+1] , (11)
where L is the number of bonds, N is the number of
electrons. n1 and nL+1 are the number operators for
edge sites. Hbulk is the bulk Hamiltonian where the on-
site Coulomb interactions at edges are reduced to the half
U → U/2. Then the Hamiltonian with the exact BN and
edge states should be
Hedge = Hbulk +
(
U
2
− W
2
+ t
)
(n1 + nL+1), (12)
and its ground-state energy is given by
E0 =
U
2
L+ (U −W + 2t)nedge (13)
where nedge is the number of the localized electrons at
the edges.
B. PN state in Kagome´ lattice
We consider the generalized Hubbard model on the
Kagome´ lattice at 1/3 and 2/3-filling with zero-magnetic
field. In order to obtain an exact ground state, we need
to include three site terms (X ′, W ′ terms). The Hamilto-
nian is given byH = ∑〈ijk〉σ hijkσ, where the summation
〈ijk〉 is taken in each unit trimer as shown in Fig. 1,
hijkσ = hijσ + hjkσ + hkiσ
+W ′(TijσTjkσ¯ + TjkσTkiσ¯ + TkiσTijσ¯)
+X ′(Tijσnkσ¯ + Tjkσniσ¯ + Tkiσnjσ¯), (14)
where hijσ is the local bond Hamiltonian (6) with z = 2.
σ¯ denotes the opposite spin of σ.
The exact ground states of the Kagome´ lattice have
already been discussed in Refs. 36 and 37. Here, we dis-
cuss parent Hamiltonians with exact edge states. In the
case of the PN state in Kagome´ lattice at 1/3 filling, the
ground state energy per plaquette is
ε˜0(Nijk) =
(
U
2
− 3W + 2t
)
Nijk −
(
U
2
− 4W + 4t
)
.
(15)
For bulk systems, it follows from the relation between the
number of plaquettes and the number of sites, Nplaq =
(2/3)Nsite that the ground state energy per site becomes
ε0 =
1
3
(U − 4W ). (16)
For edged systems, the Hamiltonian with the exact PN
states should be
Hedge = Hbulk +
(
U
2
− 3W + 2t
) ∑
i∈edge
ni, (17)
and its ground-state energy is given by
E0 = ε0Nsite + (U − 6W + 4t)nedge (18)
where nedge is the number of the localized electrons at
the edge.
At 2/3 filling, the ground state energy per plaquette is
ε˜0(Nijk) = (U −W − t)Nijk + (−2U + 4W + 4t) . (19)
For bulk systems, it follows from the relation between the
number of plaquettes and the number of sites, Nplaq =
(2/3)Nsite that the ground state energy per site becomes
ε0 =
4
3
U. (20)
For edged systems, the Hamiltonian with the exact PN
states should be
Hedge = Hbulk + (U −W − t)
∑
i∈edge
ni, (21)
and its ground-state energy is given by
E0 = ε0Nsite + 2(U −W − t)nedge. (22)
IV. CHECKERBOARD LATTICE
In this section, we consider the PN state in the fol-
lowing generalized Hubbard model on the checkerboard
lattice,
4hijkl − ε0 =− t
∑
σ
Tijkσ − t˜
∑
σ
T˜ijklσ +
U
2
∑
µ
nµ↑nµ↓
+ V‖
∑
(µ,ν)
∑
σ
nµσnνσ + V˜‖
∑
σ
(niσnkσ + njσnlσ) + V⊥
∑
(µ,ν)
∑
σ
nµ,σnν,σ¯ + V˜⊥
∑
σ
(ni,σnk,σ¯ + nj,σnl,σ¯)
+
W
2
∑
(µ,ν)
∑
σ,σ′
TµνσTµνσ′ +
W˜
2
∑
σ,σ′
(TikσTikσ′ + TjlσTjlσ′)
+X
∑
(µ,ν)
∑
σ
Tµνσ (nµσ¯ + nνσ¯) +X
′ ∑
(µ,ν,λ,ρ)
∑
σ
Tµνσ (nλσ¯ + nρσ¯)
+ P
∑
σ
(TijσTklσ¯ + TjkσTliσ¯) + P
′∑
σ
TikσTjlσ¯
where i, j, k, l are taken as indicated in Fig. 1. Hereafter, we introduce the constraint W = W ′ = V‖ = P , W˜ = V˜‖ =
P ′, and X = X ′. The plaquette operators are introduced as
A†ijklσ =
1
2
(c†iσ + c
†
jσ + c
†
kσ + c
†
lσ), (23a)
B†ijklσ =
1
2
(c†iσ + ic
†
jσ − c†kσ − ic†lσ), (23b)
C†ijklσ =
1
2
(c†iσ − ic†jσ − c†kσ + ic†lσ), (23c)
D†ijklσ =
1
2
(c†iσ − c†jσ + c†kσ − c†lσ). (23d)
The plaquette operators in the same plaquette satisfy the
anticommutation relations:
{Aijklσ, A†ijklσ′} = {Bijklσ, B†ijklσ′} = {Cijklσ, C†ijklσ′}
= {Dijklσ, D†ijklσ′} = δσσ′ , (24)
and other anticommutators are zero. The density opera-
tors of the plaquette operators is defined by
nAσ = A
†
ijklσAijklσ =
1
4
(Nijklσ + Tijklσ + T
′
ijklσ),
(25a)
nBσ = B
†
ijklσBijklσ =
1
4
(Nijklσ − T ′ijklσ − Jijklσ),
(25b)
nCσ = C
†
ijklσCijklσ =
1
4
(Nijklσ − T ′ijklσ + Jijklσ),
(25c)
nDσ = D
†
ijklσDijklσ =
1
4
(Nijklσ − Tijklσ + T ′ijklσ),
(25d)
where density, hopping and current operators are defined
as follows
Nijklσ = niσ + njσ + nkσ + nlσ, (26a)
Tijklσ = Tijσ + Tjkσ + Tklσ + Tliσ, (26b)
T˜ijklσ = Tikσ + Tjlσ, (26c)
Jijklσ = Jijσ + Jjkσ + Jklσ + Jliσ. (26d)
A. Plaquette-Ne´el state at 1/4-filling
First, we consider the PN state at 1/4-filling. This
state is given by
|Ψσ〉 =
∏
〈ijkl〉∈2
A†ijklσ
∏
〈i′j′k′l′〉∈2′
A†i′j′k′l′σ¯ |0〉 , (27)
where the sum 〈ijkl〉 (〈i′j′k′l′〉) is taken for all blue (red)
plaquettes of the checkerboard lattice in Fig. 1. The par-
ent Hamiltonian for this state is constructed as
hijkl − ε˜0 = λAA(1− nA↑)(1− nA↓) + λBBnB↑nB↓
+ λCCnC↑nC↓ + λDDnD↑nD↓
+ λAB [(1− nA↑)nB↓ + nB↑(1− nA↓)]
+ λAC [(1− nA↑)nC↓ + nC↑(1− nA↓)]
+ λAD [(1− nA↑)nD↓ + nD↑(1− nA↓)]
+ λBC [nB↑nC↓ + nC↑nB↓]
+ λBD [nB↑nD↓ + nD↑nB↓]
+ λCD [nC↑nD↓ + nD↑nC↓] . (28)
Here, we set the parameters assuming time-reversal sym-
metry as
λBB = λCC = λBC , λAB = λAC , λBD = λCD. (29)
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FIG. 2. Phase diagrams of the generalized Hubbard model on the checkerboard lattice at 1/4 filling for several values of t˜/t.
The shaded region is the PN state.
Then the relations between λ and the parameters of the
Hamiltonian are identified as
λAA = 4t+ t˜+
1
2
U − 4W,
λBB = t˜+
1
2
U,
λDD = −4t+ t˜+ 1
2
U + 12W,
λAB = −2t+ 2t˜− 1
2
U + 4W, (30)
λAD = −t˜− 1
2
U + 4W,
λBD = −2t− t˜+ 1
2
U + 4W,
with the relations,
W˜ = t˜, X = t− 2W. (31)
The energy per plaquette is given by
ε˜0 =− 4t− t˜− 1
2
U + 4W
+
1
2
(4t+ t˜+ U − 6W )
∑
σ
Nijklσ. (32)
For bulk systems, it follows from the relation between the
number of plaquettes and the number of sites, Nplaq =
(1/2)Nsite that the ground state energy per site becomes
ε0 =
1
4
U −W. (33)
For edged systems, the Hamiltonian with the exact PN
states should be
Hedge = Hbulk + 1
2
(4t+ t˜+ U − 6W )
∑
i∈edge
ni, (34)
and its ground-state energy is given by
E0 = ε0Nsite + (4t+ t˜+ U − 6W )nedge (35)
where nedge is the number of the localized electrons at
the edge.
The conditions of this state is given as follows,
W
t
≤ 1 + 1
4
t˜
t
+
1
8
U
t
,
U ≥ −2t˜,
W
t
≥ 1
3
− 1
12
t˜
t
− 1
24
U
t
,
W
t
≥ 1
2
− 1
2
t˜
t
+
1
8
U
t
, (36)
W
t
≥ 1
4
t˜
t
+
1
8
U
t
,
W
t
≥ 1
2
+
1
4
t˜
t
− 1
8
U
t
.
Then we obtain the phase diagrams of this state for t > 0
and t < 0 regions as shown in Fig. 2.
B. Plaquette-Ne´el state at 1/2-filling
1. |CB〉 state
Next we consider the PN state at 1/2-filling, which is
given as two electrons in each plaquette,
|Ψσ〉 =
∏
〈ijkl〉∈2
C†ijklσB
†
ijklσ
∏
〈i′j′k′l′〉∈2′
C†i′j′k′l′σ¯B
†
i′j′k′l′σ¯ |0〉 .
(37)
Since B†ijklσ and C
†
ijklσ creates flux states with oppo-
site directions, the state |Ψσ〉 has no local current. The
Hamiltonian for this state is constructed as
hijkl − ε˜0 = λAAnA↑nA↓ + λBB(1− nB↑)(1− nB↓)
+ λCC(1− nC↑)(1− nC↓) + λDDnD↑nD↓
+ λAB [nA↑(1− nB↓) + (1− nB↑)nA↓]
+ λAC [nA↑(1− nC↓) + (1− nC↑)nA↓]
+ λAD [nA↑nD↓ + nD↑nA↓]
+ λBC [(1− nB↑)(1− nC↓) + (1− nC↑)(1− nB↓)]
+ λBD [(1− nB↑)nD↓ + nD↑(1− nB↓)]
+ λCD [(1− nC↑)nD↓ + nD↑(1− nC↓)] . (38)
6W/t
U/t
λAD =
0
λDD = 0
λ
A
B
=
0
PN
(a) t˜/t = −3
-1
0
1
2
W/t
U/t
λAD =
0
λDD = 0
λ
A
B
=
0
PN
(b) t˜/t = 4
FIG. 3. Phase diagrams of the generalized Hubbard model on the checkerboard lattice at 1/2 filling for (a) |CB〉 state and (b)
|DA〉 state for t > 0. The shaded regions are the PN states.
We set the parameters as Eq. (29) assuming time-reversal
symmetry. Then the relations between λ and parameters
of the Hamiltonian are identified as
λAA = 2t− 1
2
t˜+
1
2
U + 4W,
λBB = −1
2
t˜+
1
2
U,
λDD = −2t− 1
2
t˜+
1
2
U + 4W,
λAB = −t− 1
2
t˜− 1
2
U, (39)
λAD = −1
2
t˜+
1
2
U − 4W,
λBD = t− 1
2
t− 1
2
U,
with the relations,
X =
1
2
t, W˜ = −1
2
t˜. (40)
The energy per plaquette is
ε˜0 = 2t˜− 2U + 1
4
(−t˜+ 4U + 4W )
∑
σ
Nijklσ (41)
For bulk systems, it follows from the relation between the
number of plaquettes and the number of sites, Nplaq =
(1/2)Nsite that the ground state energy per site becomes
ε0 =
1
2
(t˜+ 2U + 4W ). (42)
For edged systems, the Hamiltonian with the exact PN
states should be
Hedge = Hbulk + 1
4
(−t˜+ 4U + 4W )
∑
i∈edge
ni (43)
and its ground-state energy is given by
E0 = ε0Nsite +
1
2
(−t˜+ 4U + 4W )nedge (44)
where nedge is the number of the localized electrons at
the edge.
Thus the condition of the exact ground state is given
by
W ≥ −1
2
t+
1
8
t˜− 1
8
U,
U ≥ t˜,
W ≥ 1
2
t+
1
8
t˜− 1
8
U,
U ≤ −2t− t˜, (45)
W ≤ −1
8
t˜+
1
8
U,
U ≤ 2t− t˜.
Then we obtain the phase diagram of the PN state for
t˜/t < 2 (t > 0) and t˜/|t| < −2 (t < 0) regions as shown
in Fig. 3(a).
2. |DA〉 state
Similarly, we consider the PN state given by |DA〉 state
at 1/2-filling,
|Ψσ〉 =
∏
〈ijkl〉∈2
D†ijklσA
†
ijklσ
∏
〈i′j′k′l′〉∈2′
D†i′j′k′l′σ¯A
†
i′j′k′l′σ¯ |0〉 ,
(46)
7the relations between λ and parameters of the Hamilto-
nian are identified as
λAA =2t+
1
2
t˜+
1
2
U + 4W,
λBB =
1
2
t˜+
1
2
U,
λDD =− 2t+ 1
2
t˜+
1
2
U + 4W,
λAB =− t+ 1
2
t˜− 1
2
U, (47)
λAD =
1
2
t˜+
1
2
U − 4W,
λBD =t+
1
2
t˜− 1
2
U,
with
W˜ =
1
2
t˜, X =
1
2
t. (48)
The energy per plaquette is given by
ε˜0 = −2t˜− 2U + 1
4
(t˜+ 4U + 4W )
∑
σ
Nijklσ (49)
For bulk systems, it follows from the relation between the
number of plaquettes and the number of sites, Nplaq =
(1/2)Nsite that the ground state energy per site becomes
ε0 =
1
2
(t˜+ 2U + 4W ). (50)
For edged systems, the Hamiltonian with the exact PN
states should be
Hedge = Hbulk + 1
4
(t˜+ 4U + 4W )
∑
i∈edge
ni (51)
and its ground-state energy is given by
E0 = ε0Nsite +
1
2
(t˜+ 4U + 4W )nedge (52)
where nedge is the number of the localized electrons at
the edge.
Thus conditions of this state is given as follows,
W
t
≥− 1
2
− 1
8
t˜
t
− 1
8
U
t
,
U
t
≥− t˜
t
,
W
t
≥1
2
− 1
8
t˜
t
− 1
8
U
t
, (53)
U
t
≤− 2 + t˜
t
,
W
t
≤1
8
t˜
t
+
1
8
U
t
,
U
t
≤2 + t˜
t
.
Then we obtain the phase diagram of this state for t˜/t <
2 (t > 0) and t˜/|t| < −2 (t < 0) regions as shown in
Fig. 3(b).
C. Plaquette-Ne´el state at 3/4-filling
1. |CBA〉 state
We consider the PN state at 3/4-filling, which is given
as three electrons in each plaquette,
|Ψσ〉 =
∏
〈ijkl〉∈2
C†ijklσB
†
ijklσA
†
ijklσ
×
∏
〈i′j′k′l′〉∈2′
C†i′j′k′l′σ¯B
†
i′j′k′l′σ¯A
†
i′j′k′l′σ¯ |0〉 , (54)
where the sum 〈ijkl〉 (〈i′j′k′l′〉) is taken for all blue (red)
plaquettes of the checkerboard lattice in Fig. 1. The par-
ent Hamiltonian for this state is constructed as
hijkl − ε˜0 = λAA(1− nA↑)(1− nA↓)
+ λBB(1− nB↑)(1− nB↓)
+ λCC(1− nC↑)(1− nC↓) + λDDnD↑nD↓
+ λAB [(1− nA↑)(1− nB↓) + (1− nB↑)(1− nA↓)]
+ λAC [(1− nA↑)(1− nC↓) + (1− nC↑)(1− nA↓)]
+ λAD [(1− nA↑)nD↓ + nD↑(1− nA↓)]
+ λBC [(1− nB↑)(1− nC↓) + (1− nC↑)(1− nB↓)]
+ λBD [(1− nB↑)nD↓ + nD↑(1− nB↓)]
+ λCD [(1− nC↑)nD↓ + nD↑(1− nC↓)] . (55)
We set the parameters as Eq. (29) assuming time-reversal
symmetry. Then relations between λ and the parameters
of the Hamiltonian are identified as
λAA =
4
3
t− t˜+ 1
2
U +
4
3
W,
λBB =− t˜+ 1
2
U,
λDD =− 4
3
t− t˜+ 1
2
U +
20
3
W,
λAB =
2
3
t+ t˜+
1
2
U − 4
3
W,
λAD =t˜− 1
2
U + 4W,
λBD =
2
3
t− t˜− 1
2
U − 4
3
W,
with the relations
W˜ = −t˜, X = 1
3
t− 2
3
W. (56)
The energy per plaquette is
ε˜0 =− 4t+ t˜− 9
2
U + 4W
+
1
6
(4t− 3t˜+ 9U − 2W )
∑
σ
Nijklσ. (57)
For bulk systems, it follows from the relation between the
number of plaquettes and the number of sites, Nplaq =
(1/2)Nsite that the ground state energy per site becomes
ε0 = −t˜+ 9
4
U +W. (58)
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FIG. 4. Phase diagrams of the generalized Hubbard model on
the checkerboard lattice at 3/4 filling. The shaded region is
the PN state.
For edged systems, the Hamiltonian with the exact PN
states should be
Hedge = Hbulk + 1
6
(4t− 3t˜+ 9U − 2W )
∑
i∈edge
ni (59)
and its ground-state energy is given by
E0 = ε0Nsite +
1
3
(4t− 3t˜+ 9U − 2W )nedge (60)
where nedge is the number of the localized electrons at
the edge.
The condition for the exact PN state with t > 0 is
given by λ ≥ 0 as
W
t
≥− 1 + 3
4
t˜
t
− 3
8
U
t
,
U
t
≥2 t˜
t
,
W
t
≥1
5
+
3
20
t˜
t
− 3
40
U
t
,
W
t
≤1
2
+
3
4
t˜
t
+
3
8
U
t
,
W
t
≥− 1
4
t˜
t
+
1
8
U
t
,
W
t
≤1
2
− 3
4
t˜
t
− 3
8
U
t
. (61)
There is a finite region for −1 < t˜/t < 1/5 as shown in
Fig. 4. On the other hand, there is no parameter region
for t < 0.
2. |DCB〉 state
Similarly, we consider the PN state given by |DCB〉
state at 3/4-filling,
|Ψσ〉 =
∏
〈ijkl〉∈2
D†ijklσC
†
ijklσB
†
ijklσ
×
∏
〈i′j′k′l′〉∈2′
D†i′j′k′l′σ¯C
†
i′j′k′l′σ¯B
†
i′j′k′l′σ¯ |0〉 .
(62)
Then relations between λ and the parameters of the
Hamiltonian are identified as
λAA =
4
3
t− t˜+ 1
2
U +
20
3
W,
λBB = −t˜+ 1
2
U,
λDD = −4
3
t− t˜+ 1
2
U +
4
3
W,
λAB = −2
3
t− t˜− 1
2
U − 4
3
W, (63)
λAD = t˜− 1
2
U + 4W,
λBD = −2
3
t+ t˜+
1
2
U − 4
3
W,
with the following relations
W˜ = −t˜, X = 1
3
t− 2
3
W. (64)
The energy per plaquette is
ε˜0 =− 4t+ t˜− 9
2
U + 4W
+
1
6
(4t− 3t˜+ 9U − 2W )
∑
σ
Nijklσ, (65)
where t is negative, because λDD+2λAB+λAD+2λBD =
−4t.
For bulk systems, it follows from the relation be-
tween the number of plaquettes and the number of sites,
Nplaq = (1/2)Nsite that the ground state energy per site
becomes
ε0 = −t˜+ 9
4
U +W. (66)
For edged systems, the Hamiltonian with the exact PN
states should be
Hedge = Hbulk + 1
6
(4t− 3t˜+ 9U − 2W )
∑
i∈edge
ni (67)
and its ground-state energy is given by
E0 = ε0Nsite +
1
3
(4t− 3t˜+ 9U − 2W )nedge (68)
where nedge is the number of the localized electrons at
the edge.
Finally one finds that the PN region is given by the
same as that of the |CBA〉 state with t→ −t.
V. PYROCHLORE LATTICE
In the case of the pyrochlore lattice, the generalized
Hubbard model is given by
9hijkl =− t
∑
σ
Tijkσ + U
1
2
∑
µ
nµ↑nµ↓ + V⊥
∑
(µ,ν)
∑
σ
nµ,σnν,σ¯ + V‖
∑
(µ,ν)
∑
σ
nµσnνσ
+W
1
2
∑
(µ,ν)
∑
σ,σ′
TµνσTµνσ′ +W
′ ∑
(µ,ν,λ)
∑
σ
TµνσTνλσ¯ + P
∑
σ
(TijσTklσ¯ + TjkσTliσ¯ + TikσTjlσ¯)
+X
∑
(µ,ν)
∑
σ
Tµνσ (nµσ¯ + nνσ¯) +X
′ ∑
(µ,ν,λ,ρ)
∑
σ
Tµνσ (nλσ¯ + nρσ¯) (69)
and the plaquette operators are introduced as
A†ijklσ =
1
2
(c†iσ + c
†
jσ + c
†
kσ + c
†
lσ), (70a)
B†ijklσ =
1
2
(−c†iσ + c†jσ + c†kσ − c†lσ), (70b)
C†ijklσ =
1
2
(−c†iσ + c†jσ − c†kσ + c†lσ), (70c)
D†ijklσ =
1
2
(−c†iσ − c†jσ + c†kσ + c†lσ). (70d)
These definitions are different from those of the checker-
board lattice reflecting the symmetry of the tetrahedra.
The plaquette operators on the same tetrahedra satisfy
the anticommutation relations:
{Aijklσ, A†ijklσ′} = {Bijklσ, B†ijklσ′} = {Cijklσ, C†ijklσ′}
= {Dijklσ, D†ijklσ′} = δσσ′ , (71)
and other anticommutators are zero. The density opera-
tors of the plaquette operators are
nAσ = A
†
ijklσAijklσ =
1
4
(Nijklσ + Tijklσ), (72a)
nBσ = B
†
ijklσBijklσ
=
1
4
{Nijklσ − Tijklσ + 2(Tliσ + Tjkσ)} , (72b)
nCσ = C
†
ijklσCijklσ
=
1
4
{Nijklσ − Tijklσ + 2(Tikσ + Tjlσ)} , (72c)
nDσ = D
†
ijklσDijklσ
=
1
4
{Nijklσ − Tijklσ + 2(Tijσ + Tklσ)} , (72d)
where the density, the hopping and the current operators
are defined as follows
Nijklσ = niσ + njσ + nkσ + nlσ, (73)
Tijklσ = Tijσ + Tjkσ + Tklσ.+ Tliσ + Tikσ + Tjlσ. (74)
A. Plaquette-Ne´el state at 1/4-filling
The PN state on the pyrochlore lattice at 1/4-filling is
given by
|Ψσ〉 =
∏
〈ijkl〉
A†ijklσ
∏
〈i′j′k′l′〉
A†i′j′k′l′σ¯ |0〉 , (75)
where the sum 〈ijkl〉 (〈i′j′k′l′〉) is taken for all blue (red)
tetrahedra of the pyrochlore lattice as indicated in Fig. 1.
The parent Hamiltonian for this state is constructed as
follows
hijkl − ε˜0 = λAA(1− nA↑)(1− nA↓) + λBBnB↑nB↓
+ λCCnC↑nC↓ + λDDnD↑nD↓
+ λAB [(1− nA↑)nB↓ + nB↑(1− nA↓)]
+ λAC [(1− nA↑)nC↓ + nC↑(1− nA↓)]
+ λAD [(1− nA↑)nD↓ + nD↑(1− nA↓)]
+ λBC [nB↑nC↓ + nC↑nB↓] + λBD [nB↑nD↓ + nD↑nB↓]
+ λCD [nC↑nD↓ + nD↑nC↓] . (76)
We set the parameters assuming time-reversal symmetry
as
λBB = λCC = λDD = λBC = λBD = λCD,
λAB = λAC = λAD, (77)
then the relations between λ and the parameters of the
Hamiltonian are identified as
λAA = 6t+
1
2
U − 9W,
λBB = −2t+ 1
2
U + 7W,
λAB = −2t− 1
2
U + 9W, (78)
with the relations
X = t− 3W, ε˜0 = 3
2
(−2t+W ). (79)
The ground-state energy per plaquette is given by
ε˜0 =− 6t− 1
2
U + 9W
+
(
3t+
1
2
U − 15
2
W
)∑
σ
Nijklσ (80)
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FIG. 5. Phase diagrams of the generalized Hubbard model on the pyrochlore lattice at (a) 1/4 filling and (b) 3/4 filling. The
shaded regions are the PN states.
For bulk systems, it follows from the relation between the
number of plaquettes and the number of sites, Nplaq =
(1/2)Nsite that the ground state energy per site becomes
ε0 =
1
4
U − 3W. (81)
For edged systems, the Hamiltonian with the exact PN
states should be
Hedge = Hbulk +
(
3t+
1
2
U − 15
2
W
) ∑
i∈edge
ni (82)
and its ground-state energy is given by
E0 = ε0Nsite + (6t+ U − 15W )nedge (83)
where nedge is the number of the localized electrons at
the edge.
It follows form the conditions λ ≥ 0 and λAA +λAB =
4t that t > 0. Thus the exact ground state is given by
the following conditions
W
t
≤2
3
+
1
18
U
t
,
W
t
≥2
7
− 1
14
U
t
,
W
t
≥2
9
+
1
18
U
t
. (84)
Then we obtain the phase diagrams of this state as shown
in Fig. 5(a).
B. Plaquette-Ne´el state at 3/4-filling
The PN state on the pyrochlore lattice at 3/4-filling is
given by
|Ψσ〉 =
∏
〈ijkl〉
D†ijklσC
†
ijklσB
†
ijklσ
×
∏
〈i′j′k′l′〉
D†i′j′k′l′σ¯C
†
i′j′k′l′σ¯B
†
i′j′k′l′σ¯ |0〉 . (85)
where the sum 〈ijkl〉 (〈i′j′k′l′〉) is taken for all blue (red)
tetrahedra of the pyrochlore lattice in Fig. 1. The parent
Hamiltonian for this state is constructed as follows
hijkl − ε˜0 = λAAnA↑nA↓ + λBB(1− nB↑)(1− nB↓)
+ λCC(1− nC↑)(1− nC↓) + λDD(1− nD↑)(1− nD↓)
+ λAB [nA↑(1− nB↓) + (1− nB↑)nA↓]
+ λAC [nA↑(1− nC↓) + (1− nC↑)nA↓]
+ λAD [nA↑(1− nD↓) + (1− nD↑)nA↓]
+ λBC [(1− nB↑)(1− nC↓) + (1− nC↑)(1− nB↓)]
+ λBD [(1− nB↑)(1− nD↓) + (1− nD↑)(1− nB↓)]
+ λCD [(1− nC↑)(1− nD↓) + (1− nD↑)(1− nC↓)] .
(86)
We set the parameters as Eq. (77) assuming time-reversal
symmetry. Then the relations between λ and the param-
eters of the Hamiltonian are identified as
λAA =2t+
1
2
U + 15W,
λBB =− 2
3
t+
1
2
U −W,
λAB =− 2
3
t− 1
2
U +W, (87)
with the relation,
X =
1
3
t+W. (88)
The ground-state energy per plaquette is given by
ε˜0 =6t− 9
2
U + 9W
+
(
−t+ 3
2
U − 3
2
W
)∑
σ
Nijklσ, (89)
where t is negative because of 15λBB +3λAB = −4t. For
bulk systems, it follows from the relation between the
number of plaquettes and the number of sites, Nplaq =
(1/2)Nsite that the ground state energy per site becomes
ε0 =
9
4
U. (90)
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FIG. 6. Patterns to cut a system into A and B regions to
calculate the EE for (a) the checkerboard and (b) the Py-
rochlore lattice, respectively. Na and Nb are the numbers of
the cutting lines (surfaces) as indicated.
For edged systems, the Hamiltonian with the exact PN
states should be
Hedge = Hbulk +
(
−t+ 3
2
U − 3
2
W
) ∑
i∈edge
ni (91)
and its ground-state energy is given by
E0 = ε0Nsite + (−2t+ 3U − 3W )nedge (92)
where nedge is the number of the localized electrons at
the edge.
Thus the condition of this state is given as follows
W
|t| ≥ −
1
30
U
|t| +
2
15
,
W
|t| ≤
1
2
U
|t| +
2
3
,
W
|t| ≥
1
2
U
|t| −
2
3
. (93)
Then we obtain the phase diagrams of this state as shown
in Fig. 5(b).
VI. ENTANGLEMENT ENTROPY
In this section we consider the entanglement entropy
(EE) [40] of the systems discussed above. When we di-
vide the normalized wave function of the system into two
regions A and B as
|Ψ〉 =
∑
nm
Λnm |ΨAn 〉 ⊗ |ΨBm〉 , (94)
the EE is given by
SA = −TrA [ρˆA log ρˆA] , (95)
with the reduced density matrix
ρˆA =
∑
nm
(ΛΛT )nm |ΨAn 〉 〈ΨAm| , (96)
where ΛT is the transposed matrix of Λ.
The EE for the BN state of the 1D model and that
of the PN state in the Kagome´ lattice have already been
discussed in Ref. 37. For the 1D model we have
SA = log 2. (97)
For the PN state in the Kagome´ lattice with 1/3-filling,
we get
SA = N4[log 3− (2/3) log 2], (98)
where N4 means the number of triangles along the cut-
ting lines. This means that the EE obeys the area law.
The EE for the PN state at 2/3-filling is obtained as
the same value as that of 1/3-filling via the particle-hole
transformation.
Similarly for the checkerboard lattice, the EE is calcu-
lated as
SA = Na log 2 +Nb
(
2 log 2− 3
4
log 3
)
, (99)
where Na and Nb are the number of two types of cutting
lines as illustrated in Fig. 6. This result is completely
same as that of the pyrochlore lattice only by changing
the definition of the cutting surface.
VII. SUMMARY
In summary, we have discussed exact ground states
of the generalized Hubbard model based on the projec-
tion operator method. The Hamiltonian with the exact
ground state can be obtained when the lattices have bi-
partite structure in terms of corner sharing unit plaque-
ttes. The ground states are the plaquette Ne´el states
where the spins of the electrons on the plaquettes form
Ne´el order. We have applied this method to the checker-
board and pyrochlore lattices, and obtained parameter
regions of the exact ground states for several situations.
We have also obtained exact results for the open systems
with localized electrons at the edges. Based on the wave-
functions of the exact ground states, we have calculated
the entanglement entropies for the checkerboard and py-
rochlore lattices. The present exact ground states are the
same states used for the discussion of the Berry phases
12
to detect topological phase transitions by the multimer-
ization [38, 39]. Although such multimer states are often
considered in deformed lattice systems without electron
interactions, our results suggest the realization of multi-
mer states in uniform and correlated electron systems.
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